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,I�RXU�VSULQJ�LV�GHIOHFWHG�VR�WKDW�T� ���q�DQG��J� ������LQ�WKHQ�VXEVWLWXWLQJ�LQ�HTXDWLRQV���DQG���JLYHV�0� ��������LQOEI�DQG�)� ��������OEI��7KHVH�DUH�WKH�PRPHQW�DQG�WKH�IRUFH�ZKLFK�D�W\SLFDO�SHQGXOXP�H[HUWV�RQ�DFRQYHQWLRQDO�VXVSHQVLRQ�VSULQJ��DW�WKH�HQG�RI�WKH�VZLQJ��$�JUHDW�GHDO�RI�WKH�DSSDUHQWO\�KLJK�VWLIIQHVV�LVFDXVHG�E\�WKH�IRUFH�:���VD\�DSSUR[LPDWHO\�WKH�ZHLJKW�RI�WKH�SHQGXOXP��7KLV�IRUFH�UHGXFHV�WKH�EHQGLQJPRPHQW�DQG�RQH�PXVW�DSSO\�FRUUHVSRQGLQJO\�ODUJHU�)�DQG�0�WR�DFKLHYH�DQ\�VSHFLILHG�GHIOHFWLRQ�
1RZ�: LV� QRW� DFWXDOO\� FRQVWDQW��7KH� YDOXH� RI�:�� DQG� WKH� UHODWLRQVKLS� EHWZHHQ� � J DQG�T �� DUH� DFWXDOO\GHWHUPLQHG� E\� WKH� G\QDPLFV� RI� WKH� SHQGXOXPuV� VZLQJ�� :H� GR� QRW� NQRZ� WKLV� UHODWLRQVKLS�� 7KH� UHOHYDQWGLIIHUHQWLDO�HTXDWLRQV�KDYH�GHILHG�PDQ�IRU�PDQ\�\HDUV�
+RZHYHU�ZH�FDQ� LOOXVWUDWH� WKH�VRUW�RI� WKLQJ�ZKLFK�ZLOO�KDSSHQ�� �)LUVWO\��ZH�FDQ�XVH�D�YDOXH� IRU�:� WKDWWDNHV� LQWR� DFFRXQW�� DSSUR[LPDWHO\�� WKH� YDULDWLRQ� LQ�: DV� WKH� SHQGXOXP� VZLQJV�� �$SSHQGL[�$� VHWV� RXW� WKHVWDQGDUG� GHULYDWLRQ� RI� WKH� IRUFHV� DW� WKH� WRS� RI� WKH� WKHRUHWLFDO� FRPSRXQG� SHQGXOXP�� )RU� WKH� SXUSRVHV� RILOOXVWUDWLQJ�WKH�EHKDYLRXU�RI�WKH�VSULQJ�ZH�FDQ�XVH�WKH�YHUWLFDO�IRUFH�3F WR�DSSUR[LPDWH�:�
1RWH�LQ�SDVVLQJ�WKDW�WKH�KRUL]RQWDO�IRUFH�DW�WKH�WRS�RI�WKH�WKHRUHWLFDO�FRPSRXQG�SHQGXOXP�LQ�$SSHQGL[�$LV��YHU\�PXFK�WKH�VDPH�VL]H�DV�)�FDOFXODWHG�DERYH�
6HFRQGO\��ZH�QHHG�WR�GHDO�ZLWK�WKH�XQNQRZQ�UHODWLRQVKLS�EHWZHHQ J DQG�T ��7KH�VSULQJ�FDQ�DGRSW�RQH�RIWZR�VRUWV�RI�VKDSH��7KH�ILUVW�VKDSH�KDV�D�UHIOH[�EHQG��WKDW�LV��WKHUH�LV�D�SRLQW�RI�LQIOH[LRQ�QHDU�WKH�PLGGOH�RIWKH�VSULQJ��7KH�VHFRQG��PRUH�VLPSOH��VKDSH�GRHV�QRW�KDYH�D�UHIOH[�EHQG��$�VLPSOH�VNHWFK�ZLOO�VKRZ�WKDW�LIWKH�DEVROXWH�PDJQLWXGH�RI�γ LV�OHVV�WKDQ� O VLQθ WKHQ�WKHUH�ZLOO�QRW�EH�D�UHIOH[�EHQG�DQG�YLFH�YHUVD���:H�FDQVHH�ZKDW�VKDSHV�ZRXOG�EH�SURGXFHG�LI�WKH�SHQGXOXP�VZXQJ�VR�WKDW�γ θ= −

�� O VLQ RU��VR�WKDW�γ θ= −�O VLQ�
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� :�LV�JUHDWHU�WKDQ�WKH�ZHLJKW�RI�WKH�SHQGXOXP��,W�FRQWULEXWHV�SDUW�RI�WKH�FHQWULSHWDO�IRUFH�ZKLFK�PDNHV�WKHERE�VZLQJ�LQ�DQ�DUF�
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1RZ�ZKLOH�ZH�KDYH��MXVWLILDEO\�LJQRUHG�WKH�HIIHFW�RQ�EHQGLQJ�PRPHQW�FDXVHG�E\�WKH�D[LDO�VWUHWFKLQJ�RIWKH�VSULQJ�XQGHU�WHQVLOH�ORDG��ZH�FDQQRW�LJQRUH�WKH�HIIHFW�LQ�FRPSDULVRQ�ZLWK�'O
:H�FDQ�VD\� [ O :O($WLS ≈ −∆ �ZKHUH�$�LV�WKH�FURVV�VHFWLRQDO�DUHD�RI�WKH�VSULQJ
7KDW�ZLOO�JLYH�DQ�H[SUHVVLRQ�IRU�WKH�YHUWLFDO�SRVLWLRQ��[�FRRUGLQDWH��RI�WKH�MXQFWLRQ�RI�WKH�URG�DQG�WKHVXVSHQVLRQ�VSULQJ���DOEHLW�D�UDWKHU�PHVV\�H[SUHVVLRQ�
,�GR�QRW�SURSRVH�WR�HYDOXDWH�� [WLS �LQ�WKLV�SDSHU��6XIILFH�WR�VD\�LW�LV�YHU\�VPDOO�

�)RUFHV�DQG�0RPHQWV�RQ�WKH�5RG
)��0 DQG�: DUH�WKH�IRUFHV�H[HUWHG�RQ�WKH�VSULQJ�E\�WKH�URG��,I�ZH�ZLVK�WR�FRQVLGHU�WKH�PRWLRQ�RI�WKH�URGZH�QHHG�WR�GHDO�ZLWK�WKH�IRUFHV�DQG�PRPHQWV�H[HUWHG�RQ�WKH�URG��7KHVH�ZLOO�EH�HTXDO�DQG�RSSRVLWH�WR�)���0DQG�:���7R�DYRLG�FRQIXVLRQ�ZH�LQWURGXFH�WKH�IRUFHV�5 DQG�3 DQG�WKH�PRPHQW�4 DV�VKRZQ�LQ�WKH�IROORZLQJGLDJUDP�
�'LDJUDP�WR�VKRZ�5�YHUWLFDOO\�XS��3�KRUL]RQWDOO\�WR�OHIW�4�DQWLFORFN�ZLVH�
7DNLQJ�FORFNZLVH�PRPHQWV�DERXW�WKH�FHQWUH�RI�WKH�SHQGXOXPuV�PDVV��ZH�KDYH�

ΣPRPHQWV� = − − −3/ 5/ 4FRV VLQθ θ

7KXV�WKH�PRPHQW�WHQGLQJ�WR�UHVWRUH�WKH�DQJXODU�GLVSODFHPHQW�WR�]HUR��LV��5HVWRULQJ�0RPHQW  5/ 4 3/VLQ FRVθ θ+ +

0\�UHDVRQ�IRU�VHWWLQJ�GRZQ�WKLV�HTXDWLRQ�LV�WR�GUDZ�DWWHQWLRQ�WR�ZKDW�KDSSHQV�ZKHQ�WKH�VSULQJ�FKDQJHVIURP�EHQGLQJ�VLPSO\�WR�EHQGLQJ�UHIOH[LYHO\��:LWK�UHIOH[�EHQGLQJ�3�FKDQJHV�VLJQ��7KHUH�LV�D�FRUUHVSRQGLQJFKDQJH�LQ�WKH�UHVWRULQJ�PRPHQW��,�WKLQN�WKH�FKDQJH�LQ�UHVWRULQJ�PRPHQW�DFWV�VR�DV�WR�FKDQJH�WKH�SHQGXOXPPRWLRQ�VR� WKDW�� DIWHU�D� VKRUW� WLPH� WKH� UHIOH[�EHQGLQJ�QR� ORQJHU�RFFXUV�� � ,� WKLQN�DOVR� WKDW� LI� UHIOH[�EHQGLQJFRXOG�EH�PDGH�WR�KDSSHQ�FRQWLQXRXVO\�LW�FRXOG�EH�D�FRQWULEXWLRQ�WR�LVRFKURQLVP��7KLV�KDV�VRPH�VLJQLILFDQFHLQ�FRQVLGHULQJ�)HGFKHQNRuV�VXVSHQVLRQ�GHVFULEHG�LQ�$SSHQGL[�%�
,QVWDQWDQHRXV�&HQWUH�RI�0RWLRQ

,Q�WKH�SDVW��FRQVLGHUDEOH�DWWHQWLRQ�KDV�EHHQ�JLYHQ�WR�GHWHUPLQLQJ�WKH�vFHQWUH�RI�VZLQJw�RI�WKH�FDQWLOHYHU�VSULQJ�SHQGXOXP��,�DP�QRW�VXUH�ZK\��7KDW�LV��,�DP�QRW�FRPSOHWHO\�VXUH�ZKDW�WKH�DXWKRUV�LQWHQGHG�WR�GR�ZLWKWKH�DQVZHU��DQG�,�DP�HYHQ�OHVV�VXUH�WKDW�WKHLU�SXUSRVHV�FRXOG�KDYH�EHHQ�YDOLGO\�VHUYHG�E\�WKH�DQVZHUV�PDGHSRVVLEOH�E\�WKH�PHWKRGV�XVHG�



1HYHUWKHOHVV�� WKH� LQVWDQWDQHRXV� FHQWUH� RI� PRWLRQ� LV� D� YDOLG� FRQFHSW� DQG� RQH� FRPPRQO\� XVHG� LQ� WKHDQDO\VLV�RI�PHFKDQLVPV��$W�DQ\�SDUWLFXODU�LQVWDQW��WKH�WRWDO�PRWLRQ�RI�D�ULJLG�ERG\�LV�HTXLYDOHQW�WR�D�URWDWLRQRI�WKH�ERG\�DV�D�ZKROH�DERXW�VRPH�SRLQW�LQ�VSDFH��$OWKRXJK�LW�LV�SRVVLEOH�WR�FDOFXODWH�WKH�DFFHOHUDWLRQ�DQGYHORFLW\�RI�D�SRLQW�LQ�D�PHFKDQLVP�DQDO\WLFDOO\�LQ�VRPH�VLPSOH�FDVHV��PRUH�JHQHUDOO\� LW� LV� LPSUDFWLFDO�DQGJUDSKLFDO�PHWKRGV�DUH�XVHG��7KH�LQVWDQWDQHRXV�FHQWUH�PHWKRG�OHQGV�LWVHOI�WR�D�JUDSKLFDO�DSSURDFK�
,I�$�DQG�%�DUH�WZR�SRLQWV�LQ�D�ULJLG�ERG\��WKHQ�WKH�LQVWDQWDQHRXV�FHQWUH�LV�ORFDWHG�DW�WKH�LQWHUVHFWLRQ�RIOLQHV�GUDZQ�WKURXJK�$�DQG�%�UHVSHFWLYHO\�SHUSHQGLFXODU�WR�WKH�YHORFLW\�YHFWRUV�RI�$�DQG�%��)LJXUH��LOOXVWUDWHV�WKH�FRQVWUXFWLRQ��7KH�LQVWDQWDQHRXV�FHQWUH�LV�QRW�D�IL[HG�SRLQW��0RVW�XVXDOO\�LW�PRYHVFRQWLQXRXVO\�
7KH�XWLOLW\�RI�WKH�LQVWDQWDQHRXV�FHQWUH�FRPHV�IURP�WKH�IDFW�WKDW�WKH�YHORFLW\�RI�DQ\�SRLQW�RQ�WKH�ERG\�LVSURSRUWLRQDO� WR� LWV� GLVWDQFH� IURP� WKH� LQVWDQWDQHRXV� FHQWUH� DQG� KDV� D� GLUHFWLRQ� SHUSHQGLFXODU� WR� WKH� OLQHMRLQLQJ�WKH�SRLQW�WR�WKH�LQVWDQWDQHRXV�FHQWUH���7KH�FRQVWDQW�RI�SURSRUWLRQDOLW\�LV�WKH�DQJXODU�YHORFLW\�RI�WKHERG\���7KLV�PHDQV��IRU�H[DPSOH��WKDW�NQRZLQJ�WKH�LQVWDQWDQHRXV�FHQWUH�RI��D�SHQGXOXP�URG��DQG�LWV�DQJXODUYHORFLW\��ZH� FRXOG� GHWHUPLQH� WKH� YHORFLW\� �� VSHHG� DQG� GLUHFWLRQ�� DQG� WKHQFH� WKH� SRVLWLRQ� � LQ� VSDFH� RI� WKHSRLQW�RQ�D�SHQGXOXP�URG�ZKHUH�WKH�FUXWFK�EHDUV��7KH�SRLQW�EHLQJ�WKDW�LW�LV�WKH�SRVLWLRQ�RI�WKH�FUXWFK�ZKLFKDFWXDOO\�vWHOOVw�WKH�WLPH�
7KHUH�LV�D�XVHIXO�FRQQHFWLRQ�EHWZHHQ�WKH�YHORFLWLHV�RI�SRLQWV�$�DQG�%���7KH�YHORFLW\�RI�%�LV�HTXDO�WR�WKHYHORFLW\�RI�$�SOXV�WKH�YHORFLW\�RI�%�UHODWLYH�WR�$
LH�9 9 9E D ED= +

:H�PXVW�DOVR�UHFRJQLVH�WKDW�WKH�ERG\uV�EHLQJ�ULJLG�PHDQV�$�DQG�%�PXVW�QRW�PRYH�IXUWKHU�DSDUW�QRU�FORVHUWRJHWKHU��7KDW�PHDQV�WKH�FRPSRQHQW�RI�WKH�YHORFLW\�RI�$�DORQJ�WKH�OLQH�MRLQLQJ�$%�PXVW�DOZD\V�EH�WKH�VDPHDV� WKH� FRPSRQHQW� RI� WKH� YHORFLW\� RI�%� DORQJ� WKH� VDPH� OLQH��7KDW� LV� WKH� VDPH� DV� VD\LQJ� WKH� YHORFLW\� RI�%UHODWLYH�WR�$�PXVW�DOZD\V�EH�SHUSHQGLFXODU�WR�$%�



$�JHQHUDOLVHG�SUHVHQWDWLRQ�RI�WKH�YHFWRU�DGGLWLRQ�DQG�WKH�VXEVHTXHQW�GHWHUPLQDWLRQ�RI�WKH�LQVWDQWDQHRXVFHQWUH�LV�VKRZQ�LQ�)LJXUH����7R�DFWXDOO\�GUDZ�WKLV�GLDJUDP�ZH�QHHG�WR�NQRZ�WZR�RI�WKH�WKUHH�YDULDEOHV�9D �9 9E EDRU ����
6XSSRVH�ZH� DOORZ� WKH� ULJLG� ERG\� FRQWDLQLQJ�$� DQG� %� WR� UHSUHVHQW� RXU� SHQGXOXP�� $� DW� WKH� WLS� RI� WKHVXVSHQVLRQ�VSULQJ�DQG�%�DW�WKH�FHQWUH�RI�PDVV�
)URP�)LJ���\RX�ZLOO�VHH�WKDW�WKH�VPDOOHU�LV�9D DQG�WKH�FORVHU�LWV�GLUHFWLRQ�LV�WR�EHLQJ�SHUSHQGLFXODU�WR�WKHURG�� WKH� QHDUHU� LV� WKH� LQVWDQWDQHRXV� FHQWUH� WR� WKH� H[WHQGHG� FHQWUH� OLQH� RI� WKH� URG�� 7KXV� LI� WKH� WLS� RI� WKHVXVSHQVLRQ�VSULQJ� DOZD\V�PRYHG�SHUSHQGLFXODU� WR� WKH� ORFDO� VXUIDFH� RI� WKH� VSULQJ� WKH� LQVWDQWDQHRXV� FHQWUHZRXOG�DOZD\V�OLH�RQ�WKH�H[WHQGHG�FHQWUH�OLQH�RI�WKH�URG��,I�WKH�VSULQJ�EHKDYHG�LQ�VXFK�D�ZD\��WKH�FXUYHV�IRUFRQVWDQW�T LQ�)LJXUH���ZRXOG�EH�VWUDLJKW�OLQHV��:H�FDQ�VHH�WKDW�WKH\�DUH�QRW�VWUDLJKW�OLQHV�DQG�FDQ�FRQFOXGHWKDW� WKH� VSULQJ�GRHV�QRW�JHQHUDOO\�EHKDYH� LQ� WKDW�ZD\��DOWKRXJK� LW�PLJKW�EH� LQGXFHG� WR�GR� VR� LQ�SDUWLFXODUFLUFXPVWDQFHV��6R��WKH�LQVWDQWDQHRXV�FHQWUH�RI�PRWLRQ�GRHV�QRW�JHQHUDOO\�OLH�RQ�WKH�H[WHQGHG�FHQWUH�OLQH�RIWKH�URG���7KH�VRUW�RI�WKLQJ�ZH�PLJKW�H[SHFW�LQ�WKH�VLPSOHVW�FDVH�LV�VRPHWKLQJ�OLNH�)LJXUH���

:H�KDYH�VDLG�WKDW�9ED LV�SHUSHQGLFXODU�WR�$%��%HFDXVH�RI�RXU�GHILQLWLRQ�RI�T� WKH�DQJXODU�YHORFLW\�RI�WKHURG�LV� GGWθ �DQG�WKHUHIRUH�9ED = / GGWθ �ZKHUH�/�LV�WKH�GLVWDQFH�EHWZHHQ�$�DQG�%�

� $Q�vDFFHOHUDWLRQ�FHQWUHw�LV�DOVR�GHILQHG��XVLQJ�WKH�IDFW�WKDW�WKH�DFFHOHUDWLRQ�RI�%�UHODWLYH�WR�$�LV�/ GGW��θSHUSHQGLFXODU�WR�WKH�URG�DQG� / GGWθ
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

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)RU�SXUSRVH�RI�LOOXVWUDWLRQ�LW�PLJKW�EH�VDWLVIDFWRU\�WR�PDNH�VRPH�DVVXPSWLRQ�DERXW�9 9 GGWE DRU� RU� θ ���VRWKDW�ZH�FRXOG�SRLQW�WR�D�vFHQWUH�RI�VZLQJw���:H�FRXOG�VD\�IRU�H[DPSOH�WKDW�WKH�YHUWLFDO�PRYHPHQW�RI�WKH�WRSRI�WKH�URG�LV�QHJOLJLEO\�VPDOO��7KDW�SRLQW�ZRXOG�WKHQ�PRYH�LQ�D�KRUL]RQWDO�VWUDLJKW�OLQH�DQG�WKH�LQVWDQWDQHRXVFHQWUH�ZRXOG�DOZD\V�EH�YHUWLFDOO\�DERYH�WKH�WRS�RI�WKH�URG��%XW�LQ�UHDOLW\�VXFK�LOOXVWUDWLRQV�ZRXOG�EH�QRWKLQJPRUH� WKDQ� � WKDW� �� HDFK� DQ� LOOXVWUDWLRQ� RI� RQH� IHDVLEOH� VLWXDWLRQ� DQG� QRW� D� WUXH� JHQHUDO� VWDWHPHQW� DERXW� WKHSRVLWLRQ�RI�WKH�LQVWDQWDQHRXV�FHQWUH�
7R�ILQG�WKH�LQVWDQWDQHRXV�FHQWUH�RI�WKH�SHQGXOXP�URG�ZH�PLJKW�QRZ�SURFHHG�WR�GLIIHUHQWLDWH� [ \WS WLSDQG��

ZLWK�UHVSHFW�WR�WLPH�VR�DV�WR�REWDLQ�9D ��ILQGLQJ� GGWθ RQ�WKH�ZD\�IURP�WKH�G\QDPLFV���7KH�UHOHYDQW�HTXDWLRQVDUH�HTXDWLRQV���DQG���� �0\�ZLIH�*D\��ZKR�SDLQVWDNLQJO\�FKHFNHG�DOO�P\�DOJHEUD�� �H[SDQGHG�HTXDWLRQ���VRWKDW�ZH�FRXOG�VHH�ZKDW�ZH�KDYH�WR�GLIIHUHQWLDWH�ZLWK�UHVSHFW�WR�WLPH���UHPHPEHULQJ�WKDW�WKLV�ZRXOG�JLYH�MXVWWKH�YHUWLFDO�FRPSRQHQW�RI�WKH�YHORFLW\�RI�WKH�WRS�RI�WKH�URG����7KH�UHVXOWLQJ�HTXDWLRQ����LV�
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7KH�SURVSHFW�LV�PRUH�WKDQ�GDXQWLQJ��0DWKHPDWLFLDQV�VD\��v$�SUREOHP�ZRUWK\�RI�DWWDFN��3URYHV�LWV�ZRUWKE\�ILJKWLQJ�EDFN�w��,uP�QRW�VXUH�WKH�FRQYHUVH�LV�WUXH�
'\QDPLFV

7KH�UHDO�TXHVWLRQ�IRU�WLPH�NHHSLQJ�LV�KRZ�GRHV�WKH�GLVSODFHPHQW�RI�WKH�FUXWFK��RU�WKH��JDWKHULQJ�SDOOHW�YDU\�ZLWK�WLPH��7KLV�LV�WKH�VDPH�DV��DVNLQJ�KRZ�GRHV�WKH�SRVLWLRQ�RI�D�SDUWLFXODU�SRLQW�RQ�WKH�URG�YDU\�ZLWKWLPH��7KDW�LV�TXLWH�D�GLIIHUHQW�SURSRVLWLRQ�IURP�FDOFXODWLQJ�WKH�SHULRG�RI�D�KDUPRQLF�PRWLRQ�
/LNH�DQ\�RWKHU� ULJLG�ERG\�� WKH�PRWLRQ�RI� WKH�SHQGXOXP�FDQ�EH� WUHDWHG� DV� D� URWDWLRQ� DERXW� LWV� FHQWUH�RIPDVV�WRJHWKHU�ZLWK�D�WUDQVODWLRQDO�PRWLRQ�RI�WKH�FHQWUH�RI�PDVV�
%HIRUH�ZH�FDQ�ZULWH�GRZQ�WKH�GLIIHUHQWLDO�HTXDWLRQV�IRU�WKH�PRWLRQ�RI�WKH�SHQGXOXP�ZH�QHHG�WR�NQRZ�WKHSRVLWLRQ�RI�WKH�LQVWDQWDQHRXV�FHQWUH��7KH�UHDVRQ�LV�WKDW�ZH�QHHG�D�YDOXH�IRU�WKH�IRUFH�:�� 7KLV�IRUFH�LV�QRWMXVW� WKH�ZHLJKW� RI� WKH� SHQGXOXP�� EHFDXVH�:�� LQ� FRQMXQFWLRQ�ZLWK�)�� SURYLGHV� WKH� FHQWULSHWDO� IRUFH�ZKLFKFDXVHV� WKH� SHQGXOXP� ERE� WR� PRYH� DORQJ� D� PRUH� RU� OHVV� FLUFXODU� SDWK�� 1RZ� DOWKRXJK� WKH� FHQWULSHWDODFFHOHUDWLRQ� LV� VPDOO�� ZH� DUH� QRW� HQWLWOHG� WR� LJQRUH� LW�� $IWHU� DOO�� WKH� HTXDWLRQ� RI� PRWLRQ� IRU� WKH� VLPSOHSHQGXOXP�LV�GHULYHG�HQWLUHO\�IURP�WKH�H[SUHVVLRQ�IRU�FHQWULSHWDO�IRUFH��7R�HYDOXDWH�WKH�FHQWULSHWDO�IRUFH�ZHQHHG�WR�NQRZ�WKH�GLVWDQFH�IURP�WKH�FHQWUH�RI�PDVV�WR�WKH�LQVWDQWDQHRXV�FHQWUH�DERXW�ZKLFK�WKH�SHQGXOXP�LVURWDWLQJ�VR�ZH�QHHG�DQ�H[SUHVVLRQ�IRU�WKH�SRVLWLRQ�RI�WKH�LQVWDQWDQHRXV�FHQWUH�
,I�ZH�ZHUH�WR�WU\�WR�XVH�HQHUJ\�PHWKRGV�ZH�IDFH�WKH�VDPH�SUREOHP��7R�HYDOXDWH�WKH�WUDQVODWLRQDO�NLQHWLFHQHUJ\�RI�WKH�SHQGXOXP�ZH�QHHG�WR�NQRZ�WKH�YHORFLW\�RI�WKH�FHQWUH�RI�PDVV�DQG�WKDW�PHDQV�ZH�QHHG�WR�NQRZWKH�SRVLWLRQ�RI�LQVWDQWDQHRXV�FHQWUH�RI�URWDWLRQ���(YHQ�LI�ZH�ZHUH�WR�WUHDW�WKH�YHUWLFDO�PRWLRQ�RI�WKH�WLS�RI�WKHVXVSHQVLRQ�VSULQJ�DV�QHJOLJLEOH��WKH�VXEVHTXHQW�DOJHEUDLF�FRPSOH[LW\�ZRXOG�EH�KRUUHQGRXV��,�KDYH�H[DPLQHGWKH�SUREOHP�IURP�PDQ\�DQJOHV�DQG�,�EHOLHYH�ZH�DUH�VQRRNHUHG�E\�WKH�DOJHEUDLF�FRPSOH[LW\�
+RZHYHU�� KDYLQJ� PDGH� WKDW� H[DPLQDWLRQ�� ,� FDQ� VHH� WKDW� WKH� PRWLRQ� LV� JRLQJ� WR� EH� GHVFULEHG� E\� WZRVLPXOWDQHRXV� GLIIHUHQWLDO� HTXDWLRQV�ZLWK� D� SHFXOLDU� FKDUDFWHULVWLF�� � 7R� LOOXVWUDWH�� UHFDOO� WKDW� WKH�PHWKRG� RI



FRQVWUXFWLRQ�PDNHV�WKH��HQG�RI�WKH�VSULQJ�DOLJQ�ZLWK�WKH�SHQGXOXP�URG�DQG�T FRLQFLGHV�ZLWK�WKH�URWDWLRQ�RIWKH�URG�DERXW�LWV�FHQWUH�RI�PDVV�FORFNZLVH�IURP�WKH�YHUWLFDO��&DOO�WKH�KRUL]RQWDO�GLVSODFHPHQW�RI�WKH�FHQWUH�RIPDVV�< DQG�WKH�GLVWDQFH�IURP�WKH�WRS�RI�WKH�URG�WR�WKH�FHQWUH�RI�PDVV�/��7KHWD�DQG�<�ZLOO�EH�IXQFWLRQV�RIWLPH�
7KH�HTXDWLRQV�ZLOO�EH�RI�WKH�JHQHUDO�IRUP
& & & <� � ���θ θ+ = − ��IRU�WKH�URWDWLRQ��DQG
& < & < &� � ���+ = − θ ��IRU�WKH�ODWHUDO�WUDQVODWLRQ�
7KH�VROXWLRQ�RI�HDFK�RI�WKHVH�HTXDWLRQV��ZRXOG�UHSUHVHQW�WKH�VXSHUSRVLWLRQ�RI�WZR�KDUPRQLF�RVFLOODWLRQV�7KH� WZR� IUHTXHQFLHV�ZRXOG� EH� WKH� QDWXUDO� IUHTXHQF\� JLYHQ� E\� WKH� OHIW� KDQG� VLGH� RI� WKH� HTXDWLRQ� DQG� WKHIRUFLQJ� IUHTXHQF\�JLYHQ�E\� WKH� ULJKW�KDQG�VLGH��7KH�SHFXOLDU� FKDUDFWHULVWLF� LV� WKDW� WKH� URWDWLRQDO�PRWLRQ� LVIRUFHG�E\�WKH�WUDQVODWLRQDO�PRWLRQ��DQG�WKH�WUDQVODWLRQDO�PRWLRQ�LV�IRUFHG�E\�WKH�URWDWLRQDO�PRWLRQ���,I�WKHUH�LVDQ\� GDPSLQJ� SUHVHQW� �� DQG� WKLV� LV� DOZD\V� VR� HYHQ� WKRXJK� LW� LV� QRW� VKRZQ� LQ� WKLV� DQDO\VLV�� WKH� QDWXUDOIUHTXHQFLHV�ZLOO� EH� WUDQVLHQW� DQG�ZLOO� GHFD\� DQG� WKH� IUHTXHQFLHV� RI� RVFLOODWLRQ�ZLOO� EH� WKDW� RI� WKH� IRUFLQJIXQFWLRQV�� ,� WKLQN� WKLV� PHDQV� WKDW� LQ� WKH� ORQJ� UXQ� WKH� SHQGXOXP� ZLOO� VZLQJ� VR� WKDW� WKH� URWDWLRQDO� DQGWUDQVODWLRQDO�PRWLRQV�KDYH�WKH�VDPH�IUHTXHQF\�DQG�WKH�VDPH�SKDVH��%XW�LI�WKH�SHQGXOXP�LV�GLVWXUEHG��E\�VD\DQ�LPSXOVH��WKH�WUDQVLHQW�IUHTXHQFLHV�ZLOO�DJDLQ�DSSHDU�
5HDO�HQJLQHHULQJ�DQDO\VLV�FDQ�VHOGRP�EH�XQFRPSURPLVLQJO\�SUHFLVH�
¶ $�-��(PPHUVRQ��&DQEHUUD������



$SSHQGL[�$
5($&7,216�$7�7+(�3,927�2)�7+(��7+(25(7,&$/�&203281'�3(1'8/80
�'LDJUDP�WR�VKRZ�IRUFHV�RQ�URG�DW�WRS��DUH�1�DORQJ�URG�XSZDUGV�7�SHUSHQGLFXODU�WR�URG�DQG�WR�OHIW��

%HFDXVH�WKH�XSSHU�HQG�RI�WKH�SHQGXOXP�URG��SRLQW�2��LV�IL[HG�LQ�VSDFH��ZH�KDYH��FRQVLGHULQJ�WKH�DQJXODUDQG�FHQWULSHWDO�DFFHOHUDWLRQV�RI�WKH�SHQGXOXP�
1 PJ PK− =FRV �θ θ� d
7 PJ PK− =VLQ ��θ θ e

$QJXODU�PRPHQWXP�SULQFLSOH��ZLWK�,R�DV�WKH�PDVV�PRPHQW�RI�LQHUWLD�DERXW�2��JLYHV�
, PJKR �� VLQθ θ= − f

&RQVLGHULQJ�FRQVHUYDWLRQ�RI�PHFKDQLFDO�HQHUJ\�� LI�DPSOLWXGH WKHQ�� ZKHQ�= = =α θ θ α� �
�� �, PJKR � �FRV FRV �θ θ α= − g

)URP�d�DQG�g��UHFRJQLVLQJ�WKDW� P, NR =
�� �ZKHUH�N�LV�WKH�UDGLXV�RI�J\UDWLRQ�RI�WKH�SHQGXOXP�DERXW�2�

1PJ KN KN= + −FRV � � FRVθ α� � ��
�

�
� h

)URP�e�DQG�f
7PJ KN= −� � VLQ� �

� θ i
7UDQVODWLQJ�WKHVH�UDGLDO�DQG�WUDQVYHUVH�IRUFHV�LQWR�YHUWLFDO�DQG�KRUL]RQWDO�IRUFHV�ZH�JHW�
9HUWLFDOO\�XSZDUGV�3 7 1F = −FRV VLQθ θ

+RUL]RQWDOO\�WR�OHIW�5 7 1F = +VLQ FRVθ θ



:KHUH�7�DQG�1�DUH�JLYHQ�E\�h�DQG�i�
7KH�IRUFHV�3F DQG�5F DUH�WKH�IRUFHV�ZKLFK�PXVW�EH�DSSOLHG�WR�D�FRPSRXQG�SHQGXOXP�DW�WKH�SRLQW�DERXWZKLFK�LW�SLYRWV�LI�WKDW�SRLQW�LV�WR�UHPDLQ�IL[HG�LQ�VSDFH�
7KH\�DUH�QRW�WKH�IRUFHV�DW�WKH�WRS�RI�WKH�SHQGXOXP�URG�DWWDFKHG�WR�D�FDQWLOHYHU�VSULQJ�VXVSHQVLRQ��EHFDXVHWKH� WRS� RI� WKDW� SHQGXOXP� LV� PRYLQJ�� +RZHYHU� WKH\� VKRXOG� EH� DERXW� WKH� VDPH� VL]H� DV� WKH� IRUFHV� RQ� WKHFDQWLOHYHU�SHQGXOXP�EHFDXVH�WKH�WRS�RI�WKH�URG�GRHVQuW�PRYH�PXFK�

1XPHULFDO�([DPSOH
,I�ZH�WDNH�D�VHFRQGV�SHQGXOXP�RI�WRWDO�ZHLJKW���OEI�ZLWK�K ���LQ��DQG�DPSOLWXGH�����ZH�ILQG�WKDW�
3F� ������OEI�DQG
5F� ������OEI
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